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Abstract
A new 8-dim conformal gauging solves the auxiliary field problem and eliminates unphys-
ical size change from Weyl’s electromagnetic theory. We derive the Maurer-Cartan structure
equations and find the zero curvature solutions for the conformal connection. By showing
that every one-particle Hamiltonian generates the structure equations we establish a corre-
spondence between phase space and the 8-dim base space, and between the action and the
integral of the Weyl vector. Applying the correspondence to generic flat solutions yields the
Lorentz force law, the form and gauge dependence of the electromagnetic vector potential
and minimal coupling. The dynamics found for these flat solutions applies locally in generic
spaces. We then provide necessary and sufficient curvature constraints for general curved
8-dimensional geometries to be in 1-1 correspondence with 4-dimensional Einstein-Maxwell
spacetimes, based on a vector space isomorphism between the extra four dimensions and the
Riemannian tangent space. Despite part of the Weyl vector serving as the electromagnetic
vector potential, the entire class of geometries has vanishing dilation, thereby providing a
consistent unified geometric theory of gravitation and electromagnetism. In concluding, we
give a concise discussion of observability of the extra dimensions.
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1. Introduction
In 1918, following immediately on the heels of Einstein’s introduction of general relativ-
ity, Weyl proposed a generalization of Riemanian spacetime structure [1] to allow for local
changes in the standard of length. When the gauge field required to insure this symmetry
has nonvanishing curl, the lengths of vectors change as they undergo parallel transport. This
nicely completes the picture of Riemann in which vectors are rotated but not changed in
length. In Weyl geometry, all properties of transported vectors - magnitude and direction -
are subject to the transport law.
Weyl identified the gauge field of local dilations with the electromagnetic potential,
thereby explaining the gauge freedom of that potential and giving a geometric interpretation
of electromagnetic forces. Unfortunately, the theory is inconsistent with experience because
it predicts changes in the sizes of objects depending on their paths. Applied, for example, to
the case of atoms moving in a background electromagnetic field, the predicted size changes
would produce substantial unobserved broadening of atomic spectral lines.
The simplicity and naturalness of Weyl geometry together with the promise of a geomet-
ric understanding of electromagnetism makes the failure of Weyl’s physical theory puzzling.
Indeed, many physicists [4-22] including Weyl [1-3] proposed alternative versions of the phys-
ical interpretation in attempts to make the theory consistent. Ultimately, the work led to
the current U(1) gauge theory of electromagnetism, which maintains much of the beauty of
the original proposal without inconsistent predictions such as changes in atomic spectra.
In the present work, we show that a new conformal gauging avoids the standard objec-
tion [5] to this eighty-year-old theory of Weyl. Since the conformal group contains the Weyl
group1, the spaces resulting from its gauging share certain properties with Weyl’s original
gauge theory of electromagnetism. However, the 8-dimensional character of the new gauging
and its interpretation as a generalization of phase space eliminate the problem of unphys-
ical size change. Before discussing these new conformal spaces, which we call biconformal
geometries, we review some results from previous studies of the conformal group.
1 Weyl’s original theory was based on the homogeneous Weyl group, consisting of Lorentz transformations
plus dilations. We will also require the inhomogeneous Weyl group, which in addition to the homogeneous
transformations includes four translations.
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The conformal group is the most general set of transformations preserving ratios of
infinitesimal lengths. On 4-dim spacetime this group is 15 dimensional. Besides Lorentz
transformations, it includes translations, inverse translations2 and dilations. Considerable
attention [23-27] has been given to 4-dim spacetimes which result from gauging this group.
In addition to the usual metric and local Lorentz structures of spacetime, these models are
expected, a priori, to possess five gauge vectors - one for dilations and four for the inverse
translations. However, it was long thought that the inverse translations could not be gauged,
because the corresponding current is position dependent. From a slightly different perspec-
tive, Mansouri et al. [26, 27] argue that making the inverse translations local is redundant
with general coordinate transformations so that the corresponding gauge fields have no new
effect. Nonetheless, Crispim Roma˜o, Ferber and Freund [23, 24], and independently Kaku,
Townsend and Van Nieuwenhuizen [25] show how to gauge the inverse translations, but find
them algebraically removable from the problem. This problem is in fact generic: in any
4-dimensional scale-invariant torsion-free field theory with action built quadratically from
the curvatures of the conformal group these four inverse translational guage fields may be
algebraically removed from the problem [28]. The local inhomogeneous Weyl symmetry of
such theories always has an effective field theory equivalent to one based on the homogeneous
Weyl group, and therefore sheds no light on Weyl’s theory.
By contrast, consideration of the of the fixed points of the various conformal transforma-
tions suggests the use of an 8-dim base space instead of a 4-dim base space, corresponding
to the existence of eight distinct translational generators in the Lie algebra. Requiring an
8-dim base space makes the gauge fields of the inverse translations act as part of the solder
form on the base space, so these fields necessarily remain independent. Even in the case of
a fully flat biconformal space this solder form contains nontrivial physical information.
Our present investigation of this new conformal gauging focuses principally on the study
of flat biconformal spaces, because this is where the connection with well-known systems
should be most evident and because the dynamics of flat spaces will also apply locally
in generic spaces. Unlike Riemannian geometry, there is an entire nontrivial class of flat
solutions. We first derive this class of solutions. Next, we show that the flat spaces possess
a symplectic structure which allows their interpretation as one-particle phase spaces and
provides a concise description of the corresponding Hamiltonian dynamics. Applying this
Hamiltonian correspondence to the most general flat solution gives a geometric derivation of
2 The inverse translations have alternatively been called special conformal transformations, conformal
boosts, accelerations or elations. We choose the term inverse translations because these transformations are
pure translations at infinity. This is easily seen by translating the inverse coordinate yµ = −x
µ
x2 → y
µ + aµ
then inverting again.
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the Lorentz force law, in strong contrast to the original Weyl theory. After indicating briefly
how the biconformal electromagnetic theory connects satisfactorily to U(1) gauge theory, we
show how to introduce Einstein gravitation, arbitrary additional fields and electromagnetic
sources into the biconformal structure.
The layout of the paper is as follows. In Sec.(2) we develop biconformal structure as a
conformal fiber bundle. We give particular attention to the general proceedure for building
connections on manifolds based on an underlying symmetry group [29-32], because it is this
proceedure which motivates our use of an 8-dimensional base manifold. The construction
consists of two steps. First, an elementary geometry is found by taking the quotient of a given
symmetry group by a non-normal subgroup. Then, the connection of the resulting principal
fiber bundle is generalized by including curvature. As an example we review the construction
of general spacetimes by gauging the Poincare´ group [33-36]. We then implement these
techniques to gauge the conformal group in a new way. First, we construct an elementary
geometry as the quotient, C/C0, of the conformal group, C, by its isotropy subgroup, C0. This
gives a conformal Cartan connection on an 8-dimensional manifold. Next, we generalize the
connection to that of a curved 8-dimensional manifold with the 7-dimensional homogeneous
Weyl group as fiber by the addition of horizontal curvature 2-forms to the group structure
equations. The resulting 8-dimensional base manifold is called a biconformal space and the
full fiber bundle the biconformal bundle.
Our first principal result is the flat solution presented in Sec.(3). We find a frame field
satisfying the zero-curvature Maurer-Cartan structure equations of biconformal space.
In Sec.(4) and Sec.(5) we establish our next claim: the classical Hamiltonian dynamics of
a single point particle is equivalent to the specification of a 7-dim surface in flat biconformal
space. As a consequence of the form of the structure equations, there necessarily exists a set
of preferred curves satisfying the Hamiltonian equations of motion. This claim is established
in two steps. First, in Sec.(4), we show that the classical Hamiltonian description of a point
particle defines a class of 8-dim differential geometries with structure equations of manifestly
biconformal type. Then in Sec.(5) we show that there is an embedding, unique up to local
symplectic changes of basis, of the Hamiltonian system into a flat biconformal geometry.
We also demonstrate the necessary existence of a preferred set of curves in the biconformal
space satisfying the Hamiltonian equations of motion. The unique local equivalence between
hypersurfaces in flat biconformal geometry and Hamiltonian systems provides a clear physical
interpretation of the geometric variables of biconformal space.
The central importance of this second result is in definitively establishing the physical
interpretation of the new conformal gauging. Our main goal is not to provide an alternate
formulation of classical mechanics, but rather to use this embedding as a guide to subse-
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quent physical interpretation of the elementary biconformal variables. Given the result of
Sec.(4), that a classical single particle Hamiltonian system generates a class of biconformal
spacetimes and its converse in Sec.(5), we can conclude that for an isolated test particle in
a general biconformal space the four new coordinates may be interpreted locally as the cor-
responding generalized particle momentum. Our identification therefore provides a physical
correspondence principle for biconformal spaces. While in general spaces the extra dimen-
sions will not necessarily represent momentum globally, we can always take the limit of a
tightly confined field in a local Lorentz frame, for which the extra dimensions will permit
the momentum interpretation. Indeed, when non-flat biconformal spaces are investigated
in Sec.(7), we will see that the “momentum-like” co-solder form contains the stress-energy
tensor of any gravitational sources. This generalization from momentum to the stress-energy
tensor is exactly what one would anticipate in moving from a particle interpretation to a
field interpretation.
For our third result, in Sec.(6), we apply the Hamiltonian correspondence of the previous
sections to the general solution for flat biconformal space, to show how that flat solution
predicts the following properties of the electromagnetic vector potential:
1. The 4-vector form of the potential. This is nontrivial, since it involves the reduction of
the 8-dim 1-form ω00 = ω
0
0µ(x, y)dx
µ+ω0µ0 (x, y)dyµ to a 4-dim 1-form, αµ(x)dx
µ on spacetime.
2. Its usual gauge dependence α′(x) = α(x) + dφ.
3. Minimal coupling pa −→ pa − λαa.
4. The correct equation of motion for a charged particle moving under its influence.
This section therefore provides a consistent realization of Weyl’s goal [1] of expressing
electrodynamics in terms of the dilational gauge field. Upon moving to more general bicon-
formal spaces, the remarks of the preceeding paragraph imply that in a local Lorentz frame
an isolated, charged test particle will move according to the Lorentz force law.
These predictions of electromagnetic effects in biconformal space follow directly from the
relationship of biconformal space to phase space and Hamiltonian dynamics, developed in
Secs.(4) and (5). No further assumption is necessary to derive the Lorentz force law. At the
same time, the biconformal theory predicts constancy of size. There is an entire class of flat
biconformal spaces which includes sufficient freedom in the guage fields to account for the
classical electrodynamics of a charged point particle in an arbitrarily specified background
electromagnetic field. The flatness condition includes vanishing dilational curvature, so none
of these geometries leads to size change of any kind. In sharp contrast to Weyl geometry in
which vanishing dilation implies vanishing gauge vector, the dilational gauge vector in flat
biconformal space is required to be nonzero.
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Sec.(6) ends with a brief comparison of the biconformal model with Weyl’s original gauge
theory and with the standard U(1) model of electromagnetism.
In Sec.(7), we show how to introduce arbitrary gravitational and electromagnetic sources
so that the results of Sec.(6) remain valid in the resulting class of curved biconformal spaces.
The entire class has vanishing dilation, and the electromagnetic and gravitational fields
satisfy the Maxwell and Einstein equations, respectively. This section therefore provides a
consistent realization of Weyl’s goal of a unified geometric theory of gravitation and electro-
magnetism. While other fundamental interactions have been discovered since Weyl’s time,
the inclusion of both of the large scale forces in a geometric theory must be considered a
step in the right direction; moreover, biconformal spaces contain additional fields which are
not studied here. These additional fields might have an interpretation as the additional in-
teractions. In any case, there is always the possiblilty of adding internal symmetries beyond
the conformal symmetry.
The final section consists of a detailed discussion of possible consequences of regarding
energy and momentum variables as four of the coordinates in an 8-dimensional space. We
consider the necessary isomorphism of mathematical structure, transformation properties
and dynamical laws that must hold between momentum space variables and the biconformal
co-space variables. Collisions and interactions are discussed with attention given to continu-
ity and the proper proximity of colliding particles. Finally, we point to some experimental
results which suggest a coordinate-like behavior of momentum variables.
2. The construction of spacetimes with local symmetries
Before defining and interpreting biconformal spaces, we require some background mo-
tivating their construction. While it is customary to begin the discussion of a differential
geometry with the specification of a manifold and metric pair, (M, g), our present interest lies
in developing a spacetime model beginning with locally determined symmetry considerations.
This allows us to construct geometries which a priori possess specified local symmetries. It is
in part the elements of this construction which motivate our choice of an 8-dimensional base
manifold for conformal gauging instead of the usual 4-dimensional picture. This in turn re-
quires us to interpret the extra four dimensions. The interpretation of the extra coordinates
in the zero curvature limit is accomplished in Secs.(4-6).
We consider symmetry groups which include the local Lorentz symmetry of spacetime,
seeking a procedure for developing a connection on a spacetime (M, g) from a knowledge
of an experimentally determined (i.e.“global”) symmetry group. We use the well-known
techniques of Cartan and Klein [29-32, 37-39], proceeding as follows. We begin with a Lie
group, G, and a subgroup G0 called the isotropy subgroup. The isotropy subgroup should
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contain no normal subgroup of G if the full group is to act effectively and transitively on the
base space. Defining a projection onto a base space as the quotient G/G0 the group manifold
becomes a fiber bundle, called by Klein an elementary geometry. The full group will act
effectively and transitively on the base space of the elementary geometry. The base space
will be a manifold if and only if the fibration is regular, i.e., there exists a neighborhood
of each point of any fiber which that fiber intersects only once. This regularity condition
holds for the groups we consider. This base space of the elementary geometry therefore
provides a manifold upon which we now generalize the connection to a Cartan connection
by introducing curvature.
The generalization to a Cartan connection occurs by only requiring the action of the full
group to be detectable on curves instead of globally. Specifically, we may introduce into the
structure equations any curvature 2-forms consistent with the resulting Bianchi identities
and the following requirement. Let P(λ) be any curve in the bundle, let ωij be a connection
on the bundle, and let f : G −→ V N
2
be a linear representation of G by N ×N matrices. Then
integrating
df ij = ω
k
j f
i
k
along P(λ) yields a group transformation f ij(λ0) at each point P(λ0). The connection ω
i
j will be
a Cartan connection if the transformation f ij(λ) depends only on the projection of the curve
P(λ) into the base space. This condition holds if and only if the curvatures are horizontal,
i.e., bilinear in those connection forms which vanish on the fibers. The generalization to a
curved connection occurs because different curves in the base space between the same pair
of points can give different group elements.
If the connection is linear we can express this condition in terms of mappings of orthono-
mal frames. Consider again a curve P(λ), an initial point P(0) on the curve, and a frame
Ea(0) at the point. We then can demand that there shall exist a transformation from the
full group G mapping the initial pair (P(0), Ea(0)) to a corresponding pair (P(λ), Ea(λ)) for any
point P(λ) on the curve.
We illustrate the method using the Poincare´ group. The group may be described locally
by its structure equations (equivalent to its Lie algebra), which take the form
dωab = ω
c
b ∧ ω
a
c
dωa = ωb ∧ ωab (2.1)
where the one-forms ωab , ω
a (a, b = 1, 2, 3, 4) span the 10-dim group manifold. The only sub-
group G0 containing no normal subgroup of G but which does include the Lorentz group
is the Lorentz group itself, since the translations form a normal subgroup. The quotient
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G/G0 leads to a 4-dim base space with Lorentz fibers. It is easy to see that the base space
is Minkowski space, and therefore the elementary geometry is the bundle of orthonormal
frames over Minkowski spacetime.
Continuing with the Lorentz bundle, we alter the connection to that of a curved base
space by adding curvature 2-forms, Ωab and Ω
a, to the structure equations. Clearly there
is one curvature 2-form for each generator of the original Lie group. Furthermore, each
curvature component is horizontal, depending only on the forms ωa which vanish on the
fibers. Functionally, the curvature components depend only on the quotient space, G/G0.
Thus,
dωab = ω
c
b ∧ ω
a
c +Ω
a
b
dωa = ωb ∧ ωab +Ω
a (2.2)
or, in more familiar notation,
Ra b = dω
a
b − ω
c
b ∧ ω
a
c
T a = dea − eb ∧ ωab (2.2
′)
where ωab is the spin connection, e
a the vierbein, Ra b the curvature 2-form and T
a the torsion.
The horizontality condition guarantees that the generator of a Poincare´ transformation found
by integrating the connection 1-forms along any curve P(λ) will depend only on the projection
of the curve into the base manifold, pi(P(λ)). Specifically, define
d1P = ω
aEa
d1Ea = ω
b
aEb (2.3)
as the change in the point P and the vector frame Eb along any curve in the bundle, where
d1 is the 1-dim exterior derivative on the curve. It is convenient to introduce a full 10-dim
frame (Ea,Fba) at the initial point, with the frame Ea being the horizontal part. We choose
(Ea,F
b
a) to be dual to (ω
a, ωab ) :
ωa(Eb) = δ
a
b ω
a(Fbc ) = 0
ωab (Ec) = 0 ω
a
b (F
c
d) = δ
a
dδ
c
b (2.4)
When eqs.(2.3) are integrated along a curve P(λ) we find a new point-frame pair at each
value of λ. Now let P(λ) be the closed perimeter of an arbitrary infinitesimal plaquette with
area element S. Then explicit evaluation of the integral of d1P around the plaquette gives:
∮
P
d1P ≈ Ω
a(S)Ea(0) (2.5)
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A general infinitesimal surface element S may be expanded in terms of the full frame at the
initial point as
S = SabEa ∧ Eb + S
ab
c F
c
a ∧ Eb + S
ab
cdF
c
a ∧ F
d
b . (2.6)
Now taking Ωa horizontal, Ωa = Ωabc ω
b ∧ ωc we use eqs.(2.4) to evaluate
Ωa(S) = Ωabc[S
deωb(Ed)ω
c(Ee) + S
de
f ω
b(Ffd )ω
c(Ee) + S
de
fgω
b(Ffd )ω
c(Fge )]
= ΩabcS
deδbdδ
c
e
= Ωa(pi(S)) (2.7)
so that the path dependence of the point P(λ) depends only on the projection of the loop
into the base manifold. A completely analogous argument holds for the integral of Ea and
the horizontality of Ωab .
Eqs.(2.2) or (2.2′) now describe a curved 4-dim spacetime with local Lorentz symmetry.
The second curvature, Ωa = T a allows the inclusion of torsion. Because the remaining Lorentz
symmetry of the fibers does not mix the components of the torsion with the components of the
Riemann curvature, the usual specification of general relativity, Ωa = 0, is consistent. General
relativity also requires identification of the cotangent space T ∗ with the space spanned by the
solder form ea. This identification is automatic here because ea is required apriori to span the
base space G/G0. As we have carried out the construction here, the topology of the manifold
is that of the quotient, R4, but nontrivial base spaces are easily achieved by specifying an
arbitrary manifold M having the same (Minkowski) cotangent space. This substitution of
M for G/G0 is allowed because it alters only topological properties, while all of the structures
of interest described above are local.
Understanding a symmetry-based approach has significant advantages as we now turn
to our examination of the conformal group. The essential point is that, in contrast to
the Poincare´ example, the presence of inverse translations means that there are no normal
subgroups, making the choice of isotropy subgroup C0 nontrivial. While biconformal space is
based on the choice of the homogeneous Weyl group as C0, it is instructive to first consider
what happens if we use the inhomogenous Weyl group instead.
As described in the introduction, considerable attention [23-27] has been given to models
which result from the choice of the 11-dim inhomogeneous Weyl group as C0. This choice is
natural enough since it gives the same base manifold as in the Poincare´ case. It would appear
that this model simply extends the Lorentz fiber symmetry of the local Poincare´ model to
include dilations and inverse translations. However, in generic field theories based on this
bundle the four components of the connection corresponding to the inverse translations are
generically auxiliary and may be algebraically removed from the problem [28]. The resulting
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field theory, equivalent to one based on the homogeneous Weyl group, has had at best mixed
success as a field theory. In any case, no new symmetries or additional physical fields have
been gained in passing from the Weyl group to the full conformal group. By contrast,
choosing C0 to be the homogeneous Weyl group from the start, we retain the full 15 degrees
of freedom of the original group and acquire many new fields, with the simplest example
of a biconformal space having a natural physical interpretation in terms of Hamiltonian
dynamics.
We arrive at the biconformal model if we ask what property of the Lorentz transforma-
tions made them a suitable fiber symmetry the Poincare´ group. The requirement that the
isotropy subgroup should have no normal subgroup ruled out the translations, which form a
normal subgroup of the Poincare´ group. The Lorentz symmetry is therefore the only possible
fiber symmetry. But there is another way to see that we should use the Lorentz group as the
isotropy subgroup, based on fixed points. On Minkowski space, the class of translations has
no fixed points, while the class of Lorentz transformations leaves the origin fixed (hence the
name, “isotropy subgroup”). Thus, we can distinguish the isotropy subgroup of the fibering
from the “translational” symmetry of the base manifold by counting fixed points.
Returning to the conformal group, we find that when we distinguish the conformal
transformations based on their fixed points, there are simply eight translations acting on
compactified Minkowski space [40]. A special point, its null cone, and an ideal 2-sphere are
added at infinity to accomplish the compactificaton. As a result, the translations are no
longer characterized by an absence of fixed points. Instead, the class of translations and
the class of inverse translations each has a single fixed point (the origin and the point at
infinity, respectively) while the Lorentz subgroup and the dilational subgroup leave both of
these points fixed. The dilations also leave the ideal 2-sphere fixed.
With these observations, we take the isotropy subgroup C0 to be the 7-dim homogeneous
Weyl group, consisting of the six Lorentz transformations together with dilations. Defining
a projection as the quotient C/C0 we are led to a fiber bundle with an 8-dim manifold as
the base space and the homogeneous Weyl group as a typical fiber. This will break both the
translational and inverse translational symmetries when the base manifold becomes curved,
but we nonetheless retain the full 15 guage field degrees of freedom.
We choose the O(4, 2) representation of the conformal group for our notation [40], with
(A,B, . . .) = (0, 1, . . . , 5). Letting boldface or Greek symbols denote forms and (a, b, . . .) =
(1, . . . , 4), the O(4, 2) metric is given by ηab = diag(1, 1, 1,−1) and η05 = η50 = 1 with all other
components vanishing. Introducing the connection 1-form ωAB, we may express the covariant
constancy of ηAB, as
DηAB ≡ dηAB − ηCBω
C
A − ηACω
C
B = 0. (2.8)
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We may break the connection form into four independent Weyl-invariant parts: the spin
connection, ωab , the solder form, ω
a
0 , the co-solder form, ω
0
a, and the Weyl vector, ω
0
0 where
the spin connection satisfies
ωab = −ηbcη
adωcd (2.9a)
and the remaining components of ωAB are given in terms of these by
ω50 = ω
0
5 = 0 (2.9b)
ω55 = −ω
0
0 (2.9c)
ωa5 = −η
abω0b (2.9d)
ω5a = −ηabω
b
0 (2.9e)
These constraints reduce the number of independent fields ωAB to the required 15 and allow
us to restrict (A,B, . . .) = (0, 1, . . . , 4) in all subsequent equations. The structure constants of
the conformal Lie algebra now lead immediately to the Maurer-Cartan structure equations
of the conformal group. These are simply
dωAB = ω
C
B ∧ ω
A
C (2.10)
When broken into parts based on homogeneous Weyl transformation properties, eq.(2.10)
gives:
dωab = ω
c
b ∧ ω
a
c + ω
0
b ∧ ω
a
0 − ηbcη
adω0d ∧ ω
c
0
dωa0 = ω
0
0 ∧ ω
a
0 + ω
b
0 ∧ ω
a
b
dω0a = ω
0
a ∧ ω
0
0 + ω
b
a ∧ ω
0
b
dω00 = ω
a
0 ∧ ω
0
a (2.11)
Since no finite translation can reach the point at infinity and no inverse translation can reach
the origin, the space C/C0 gives a copy of (noncompact) Minkowski space for each of the two
sets of translations. Since the generators of the two types of translation commute modulo
the homogeneous Weyl group, the full base manifold is simply the Cartesian product of these
two Minkowski spaces. The generalization to a curved base space is immediate. We have:
dωab = ω
c
b ∧ ω
a
c + ω
0
b ∧ ω
a
0 − ηbcη
adω0d ∧ ω
c
0 +Ω
a
b (2.12a)
dωa0 = ω
0
0 ∧ ω
a
0 + ω
b
0 ∧ ω
a
b +Ω
a
0 (2.12b)
dω0a = ω
0
a ∧ ω
0
0 + ω
b
a ∧ ω
0
b +Ω
0
a (2.12c)
dω00 = ω
a
0 ∧ ω
0
a +Ω
0
0 (2.12d)
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We will call the four types of curvature Ωab ,Ω
a
0 ,Ω
0
a and Ω
0
0 the Riemann curvature, torsion,
co-torsion and dilational curvature, respectively. Notice that if we set ω0a, ω
0
0 and the cor-
responding curvatures to zero, we recover eqs.(2.2) for a 4-dim spacetime with Riemannian
curvature Ωab and torsion Ω
a
0. If we set only ω
0
a = Ω
0
a = 0, the structure equations are those of
4-dim Weyl geometry.
Horizontality requires each of the curvatures to take the form
ΩAB =
1
2
ΩABcd ω
c
0 ∧ ω
d
0 +Ω
Ac
Bd ω
d
0 ∧ ω
0
c +
1
2
ΩAcdB ω
0
c ∧ ω
0
d (2.13)
Based on the interpretation of biconformal space as a generalization of phase space (Secs.(4)
and (5) below, see also [41]) we will call ΩABcd the spacetime term, Ω
Ac
Bd the cross term and
ΩAcdB the momentum term of each type of curvature. In sharp contrast to the 4-dim gauging,
in which the fiber symmetry mixes the curvatures Ωab , Ω
a
0, Ω
0
a, and Ω
0
0 (see [42]), our choice
of the homogeneous Weyl group as the structure group not only leaves these independent,
but also does not mix the spacetime, cross or momentum terms. The usefulness of this type
of isolation of curvature parts is evident in general relativity, where it is consistent with the
bundle structure to set the torsion to zero.
3. Flat biconformal space.
Before deriving the form of the connection of a flat biconformal space, we discuss a few
of its properties.
Def: The connection of a flat biconformal space is said to be in the standard flat form when
it is written in the following way:
ω00 = αa(x)dx
a − yadx
a ≡Wadx
a (3.1a)
ωa0 = dx
a (3.1b)
ω0a = dya − (αa,b +WaWb −
1
2
W 2ηab)dx
b (3.1c)
ωab = (η
acηbd − δ
a
dδ
c
b)Wcdx
d (3.1d)
Notice that the Weyl vector, Wa = αa(x)−ya, depends on an arbitrary 4-vector αa and also
on the additional four coordinates ya. The presence of αa gives the generality required for
the electromagnetic vector potential, while the ya keeps the dilational curvature zero. As a
result, unlike Weyl’s theory, the flat biconformal model predicts no size change. Also notice
that the standard flat form is preserved by four-dimensional gauge transformations, φ(x) and
that the gauge transformation must be associated with the undetermined vector field αa(x).
Thus, the desirable properties of Weyl’s original theory survive in this more general gauge
theory.
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The prediction of the exact form of the Weyl vector necessary for consistently modeling
electromagnetism is nontrivial. In general, the dilational gauge vector of biconformal space
is of the form
ω00 = ω
0
0µ(x, y)dx
µ + ω0µ0 (x, y)dyµ
i.e., an 8-dim vector field depending on eight independent variables. Constraining the bicon-
formal geometry to have vanishing curvatures forces ω00 = (αµ(x) − yµ)dx
µ. This is precisely
the form required to give the Lorentz force law using the independently established formula-
tion of Hamiltonian dynamics in biconformal space. Different field strengths α[a,b] are in 1-1
correspondence with the possible flat biconformal spaces, so that with the interpretation of
α as the vector potential, electromagnetic phenomena never lead to dilations.
We now turn to our first result.
Thm: When the curvature of biconformal space vanishes, ΩAB = 0, there exist global coordi-
nates (xa, ya) such that the connection takes the standard flat form.
Proof: Imposing vanishing curvature, ΩAB = 0, the equations to be solved take the form
dωab = ω
c
b ∧ ω
a
c + ω
0
b ∧ ω
a
0 − ηbcη
adω0d ∧ ω
c
0 (3.2a)
dωa0 = ω
0
0 ∧ ω
a
0 + ω
b
0 ∧ ω
a
b (3.2b)
dω0a = ω
0
a ∧ ω
0
0 + ω
b
a ∧ ω
0
b (3.2c)
dω00 = ω
a
0 ∧ ω
0
a (3.2d)
The system may be solved by making use of the involution of eq.(3.2b) [38]. This
allows us to consistently set ωa0 = 0 and first solve on the subspace spanned by the
remaining eleven 1-forms. The initial conditions for these integral submanifolds
provide a coordinate xa such that ωa = dxa with xa = const. on each leaf. Each leaf
is then a fiber bundle described by the simpler set of structure equations
dωab = ω
c
b ∧ ω
a
c (3.3a)
dω0a = ω
0
a ∧ ω
0
0 + ω
b
a ∧ ω
0
b (3.3b)
dω00 = 0 (3.3c)
which may be recognized as those of a flat Weyl geometry. Eq.(3.3c) implies a
pure-gauge form for the Weyl vector. Choosing the gauge so that the Weyl vector
vanishes (on the ωa0 = 0 subspace), we are left with the structure equations for a
flat Riemannian geometry. Clearly, we have the solution
ωab = 0
13
ω0a = dya
ω00 = 0 (3.4)
Next, we reintroduce the remaining four independent 1-forms
ωa0 = dx
a (3.5)
so that (xa, ya) provide a set of eight independent coordinates. From the linearity
of the connection 1-forms in the coordinate differentials, ωab , ω
0
a and ω
0
0 will change
only by terms proportional to dxa. We therefore may write
ωab = C
a
bcdx
c (3.6a)
ωa0 = dx
a (3.6b)
ω0a = dya +Babdx
b (3.6c)
ω00 = Wadx
a (3.6d)
where the coefficients Wa, Bab and Cabc are functions of x
a and ya to be found by
substitution into the full structure equations, eqs.(3.2). First we determine the
form of the Weyl vector, Wa, from eq.(3.2d). Substitution of eqs.(3.6b, c, d) yields
dω00 = W
,b
a dyb ∧ dx
a +Wa,bdx
b ∧ dxa
= dxa ∧ (dya +Babdx
b) (3.7)
Here a lowered comma denotes a partial derivative with respect to xb while a raised
comma denotes a partial with respect to yb. Equating like components gives
W ,ba = −δ
b
a (3.8a)
B[ab] = W[b,a] (3.8b)
The first of these is immediately integrated to give
Wa = −ya + αa(x). (3.9)
Next we substitute eqs.(3.6a, b, d) into eq.(3.2b) to find Cabc in terms of Wa:
dωa0 = 0
= Wbdx
b ∧ dxa + dxb ∧ Cabcdx
c (3.10)
or
Ca [bc] +W[bδ
a
c] = 0 (3.11)
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Lowering the upper index in eq.(3.11) and noting that Cabc ≡ ηadCdbc = −Cbac, we
add two even permutations and subtract the third to find
Cabc = −(δ
a
c δ
d
b − η
adηbc)Wd (3.12)
Finally, Bab is found from eq.(3.2a). The substitution leads to two independent
equations, one from dxa ∧ dyb cross-terms and the other from terms quadratic in
dxa. The first is
(δac δ
d
b − η
adηbc)W
,e
d = (η
aeηbc − δ
a
c δ
e
b)
which is identically satisfied by the form of eq.(3.9) for Wa. Writing W a ≡ ηabWb
and W 2 ≡W aWa, the second equation becomes
δadBbc − δ
a
cBbd −B
a
dηbc +B
a
c ηbd = (W
a
,c +W
aWc)ηbd − (W
a
,d +W
aWd)ηbc
− (Wb,c +WbWc)δ
a
d + (Wb,d +WbWd)δ
a
c
−W 2(δac ηbd − δ
a
dηbc) (3.13)
Contraction on the a and c indices gives an expression containing Bab and its trace
B = ηabBab. A second trace yields B = W 2 −W a,a. Bab is then found to be
Bab = −(Wa,b +WaWb − 12W
2ηab)
The antisymmetric part of this expression agrees with eq.(3.8b). The form for Bab
above is now found to solve both eq.(3.13) and the remaining structure equation,
eq.(3.2c), identically.
We conclude that in flat biconformal space there locally exist coordinates xa, ya
such that
ω00 = αa(x)dx
a − yadx
a (3.1a)
ωa0 = dx
a (3.1b)
ω0a = dya − (αa,b +WaWb −
1
2
W 2ηab)dx
b (3.1c)
ωab = −(δ
a
dδ
c
b − η
acηbd)Wcdx
d (3.1d)
That the coordinates (xa, ya) are global follows immediately from the R8 topology
of the base manifold, completing the proof.
We are now in a position to see in more detail how the biconformal structure corrects
Weyl’s theory. If we hold the y-coordinate constant in eqs.(3.1), we find that eqs.(3.1a, b
& d) are the connection forms for a 4-dim Weyl spacetime with conformally flat metric ηab.
The remaining expression, eq.(3.1c), is then simply a 1-form constructed from the Weyl-Ricci
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tensor. However, the dilational curvature of a 4-dim Weyl geometry is given by the curl of
the Weyl vector, equivalent here to the arbitrary curl of αa. Thus, when viewed from Weyl’s
4-dim perspective the solution gives unphysical size change. It is only with the inclusion of
the additional momentum variables proportional to ya that the dilational curvature can be
seen to vanish.
With the interpretation of the additional four dimensions of biconformal space as mo-
mentum variables it is clear that the actual motion of a particle is eight dimensional. Now
consider an experiment designed to detect a change in the relative size of two physical ob-
jects, for example, a pair of identical atoms. In order to see a change, a comparison must be
made before and after moving the two atoms around some closed spacetime loop. But such
motion necessarily involves changes in momentum as well so there is necessarily a change
in ya as well as xa, inducing a corresponding loop in flat biconformal space. But no loop
in flat biconformal space ever encloses nonzero dilational flux, or ever results in a measur-
able size change. The size change computed in the 4-dim Weyl geometry is seen to be in
error because it involves forcing a closed path while holding the momentum variables con-
stant. Equivalently, the error occurs because the expression for the dilational curvature is
incomplete.
We show in the next two sections that there is a direct correspondence between the ge-
ometric variables of biconformal geometry and the physical phase space variables of Hamil-
tonian dynamics. Then, in Sec.(6) we apply the Hamiltonian correspondence to the general
flat biconformal solution. This leads without further assumption to the Lorentz law of force
and the identification of αa with the electromagnetic vector potential.
4. Hamiltonian dynamics in flat biconformal space
Leaving biconformal geometry for the moment, we turn to a geometric approach to
classical Hamiltonian dynamics. We first show that the action of a classical one-particle
system may be used to generate biconformal spaces. Then, in Sec.(5), we give a unique
prescription for generating a flat biconformal space. Begin with 8-dim extended phase space
with canonical coordinates (xi, t; pi, p4) where (i, j = 1, 2, 3). We assume we are given a super-
Hamiltonian, H = H(xa, pa) [43]. Imposing the constraint, H = 0 then gives p4 as a function
of the remaining seven variables, p4 = −H(pi, xi, t), with H the usual Hamiltonian. This
constraint insures that time appears as a parameter rather than an independent dynamical
variable. Now consider the Hilbert form
ω = Hdt− pidx
i (4.1)
The integral of ω is the action functional. The exterior derivative of ω may always be factored:
dω =
∂H
∂xi
dxi ∧ dt+
∂H
∂pi
dpi ∧ dt+ dx
i ∧ dpi
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= (dxi −
∂H
∂pi
dt) ∧ (dpi +
∂H
∂xi
dt) (4.2)
Therefore, if we define
ωi ≡ (dxi −
∂H
∂pi
dt)
ωi ≡ (dpi +
∂H
∂xi
dt)
ω4 ≡ dt
ω4 ≡ dH = 0 (4.3)
then we can write
dω = ωa ∧ ωa = ω
i ∧ ωi (4.4)
This factoring is clearly preserved by local symplectic transformations of the 6-basis (ωi, ωi),
as well as reparameterizations of the time. Obviously these transformations include the
usual canonical transformations of coordinates as a special case. One class of such allowed
transformations of basis is achieved by the addition of cabωb to ωa, where cab = cba. For the
moment we take cab = 0, but below we show the existence of a unique choice of cab that leads
to a flat biconformal space.
We may also define a connection 1-form, ωab . This choice is uniquely determined by
requiring the resulting biconformal space to be flat, but first we show that every possible
choice leads to some biconformal space. Without imposing flatness any choice is possible.
For this most general case, let ωab be any linear combination of ω
a
0 and ω
0
a, and define the
(necessarily horizontal) curvatures to be:
Ωab ≡ dω
a
b − ω
c
b ∧ ω
a
c − ω
0
b ∧ ω
a
0 − ηbcη
adωc0 ∧ ω
0
d (4.5a)
Ωa0 ≡ dω
a
0 − ω ∧ ω
a
0 − ω
b
0 ∧ ω
a
b (4.5b)
Ω0a ≡ dω
0
a − ω
0
a ∧ ω − ω
b
a ∧ ω
0
b (4.5c)
Ω00 ≡ dω − ω
a
0 ∧ ω
0
a ≡ 0 (4.5d)
The necessary presence and form of eq.(4.4) for dω, and the dependence of the curvatures
on both ωa and ωa clearly show this to be a dilationally flat (i.e., Ω00 = 0) biconformal space.
Therefore, extended phase space together with a Hamiltonian symplectic structure may
be viewed as a certain kind of biconformal space. Turning this around, we can interpret
biconformal space, and therefore conformal gauge theory, as a generalization of one-particle
phase space.
It is worth pointing out that biconformal spaces, while including Hamiltonian extended
phase spaces as special cases, also contain all 4-dim pseudo-Riemannian geometries as other
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special cases. We therefore have a differential geometry rich enough to describe both general
relativity and Hamiltonian particle dynamics. Furthermore, as we show in Sec.(7), biconfor-
mal spaces include the even larger class of all 4-dimensional Weyl geometries, and this class
allows the consistent geometric unification of gravity and electromagnetism.
The presence of both Hamiltonian and Riemannian structures is reassuring, since it is
one aim of the study of biconformal spaces to place relativity theory and quantum theory in
a common mathematical framework. While the developments here suggest only the possi-
bility of describing, perhaps, a quantum particle in a curved background, the full picture is
actually somewhat better because the symplectic 2-form of the Hamiltonian structure gives
a complex structure to the tangent/co-tangent space and an almost complex structure to
the biconformal space itself. The biconformal structure therefore gives a natural complexifi-
cation of spacetime in such a way that the usual real structure is immediately evident. One
might hope, for example, to see some special significance for the Ashtekar connection when
biconformal space is expressed in terms of the SU(2, 2) conformal covering group instead of
O(4, 2). Whether these hopes are realized or not is the subject of current study.
We also note here that the idea of a quantum interpretation of conformal geometry
agrees in some ways with earlier proposals [44-47] relating phase space, Weyl geometry and
quantum physics. These proposals, however, lack the full geometric structure of conformal
gauge theory, do not demonstrate the intrinsically biconformal structure of Hamiltonian
systems, and use a different inner product than that proposed in Sec.6 [see also 41].
We next show the relationship of the geometry described by eqs.(4.5) to classical me-
chanics.
Since the curvatures are 2-forms and because dH = 0, each of the curvatures , Ωa and Ωa
is necessarily at least linear in one of the six basis forms (ωi, ωi). Thus, six of the structure
equations, eqs.(4.5b,c) are in involution. This involution allows us to set ωi = ωi = 0, thereby
singling out a fibration of the bundle by 1-dim submanifolds, i.e., the classical paths of mo-
tion. Examination of eq.(4.3) shows that these conditions simply give Hamilton’s equations
of motion:
dxi =
∂H
∂pi
dt
dpi = −
∂H
∂xi
dt (4.6)
The Fro¨benius theorem guarantees the existence of solutions to these equations for the paths.
The remaining two structure equations then reduce to
dωij = dω = 0 (4.7)
which are identically satisfied on curves.
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It is of interest to further note that on the full bundle the condition that ω be exact is
the Hamiltonian-Jacobi equation, since we may then write ω = dS. Substituting for ω and
expanding dS gives
−Hdt+ pidx
i =
∂S
∂xi
dxi +
∂S
∂pa
dpa +
∂S
∂t
dt (4.8)
so that
∂S
∂pi
= 0,
∂S
∂p4
= 0 (4.9)
∂S
∂xi
= pi (4.10)
and
H(
∂S
∂xi
, xi, t) = −
∂S
∂t
. (4.11)
Therefore, since ω is the Weyl vector of the generated biconformal space, the Hamilton-Jacobi
equation holds if and only if the Weyl vector is pure gauge, ω = dS. A gauge transformation
reduces the Weyl vector to zero. Since the dilational curvature is always zero for the geometry
built from a Hamiltonian system, when dω = 0 we also have
ωi ∧ ωi = 0, (4.12)
implying three linear dependences between these six solder forms. Together with the van-
ishing of dH, the Hamilton-Jacobi equation therefore specifies a 4-dimensional subspace of
the full biconformal space.
5. Flat biconformal space and the Hamiltonian geometry
In this section, we show how to specify a unique flat biconformal space for a given
Hamiltonian system. This is achieved by making a judicious choice of the solder and co-
solder forms.
This time we initially regard the super-Hamiltonian as an unconstrained function of all
eight coordinates. The Hamiltonian, H, is again defined as the solution for −p4 when H is
zero. Thus, when H is unconstrained, p4 is also variable and the Hilbert form generalizes to
ω00 = −padx
a = −p4(H, H)dt− pidx
i. (5.1)
Then
dω00 = dx
a ∧ dpa, (5.2)
where we reserve the symbols ω, ωi and ωi for the special case when H = 0 and p4 = −H(xi, t, pi).
The solder and co-solder forms ωa0 and ω
0
a are now identified by comparing the expression
for dω00 to the flat biconformal solution, eqs.(3.1). To make eq.(3.1a) agree with eq.(5.1) we
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must have αa(x) = 0 and ya = pa. We can set αa = 0 with a gauge change as long as α[a,b] = 0.
Then, with ya = pa, the remainder of the connection is fully determined to be:
ω00 = −padx
a
ωa0 = dx
a
ω0a = dpa − (papb −
1
2
p2ηab)dx
b
ωab = −(δ
a
dδ
c
b − η
acηbd)pcdx
d (5.3)
Note that canonical changes of variable do not change ω00 by more than a scale change, dφ,
so this form of the connection is correct for any canonical variables (xi, pi) −→ (qi, pii).
We now restrict to the hypersurface H = 0 so that p4 = −H(pi, xi, t). The symmetric
coefficient
cab = papb − 12p
2ηab (5.4)
provides a symplectic change of basis with respect to the manifestly closed and nondegenerate
2-form, dω00 = ω
a
0 ∧ ω
0
a = dx
a ∧ dpa. The differential of ω00 is still seen to factor as in eq.(4.2)
either directly by differentiation or by substitution of p4 = −H(pi, xi, t) into ωa0 ∧ ω
0
a, with ω
a
0
and ω0a given by eqs.(5.3). The involution of eqs.(4.5b, c) for ωi and ω
i still holds, with the
classical curves given by ωi = ωi = 0. We therefore recover the Hamiltonian system, and have
shown it to lie in a unique flat biconformal space.
The resulting curves in the biconformal space are easily found by first writing the frame
field in terms of ωi and ωi:
ω00 = (H − pi
∂H
∂pi
)dt− piω
i = L(x˙i, xi, t)dt− piω
i
ωi0 = ω
i +
∂H
∂pi
dt
ω40 = dt
ω0i = ωi − (pipj +
1
2
(H2 − p2)δij)ω
j + (piH −
∂H
∂xi
− 1
2
(H2 − p2)δij
∂H
∂pj
)dt
ω04 = (Hpi −
∂H
∂xi
)ωi + (H
∂H
∂pi
pi − 12 (H
2 − p2)−
∂H
∂xi
∂H
∂pi
)dt
ωij = −(δ
i
lδ
k
j − δ
ikηjl)pk(ω
l +
∂H
∂pl
dt)
ωi4 = Hω
i − (δijpj −H
∂H
∂pi
)dt
ω4i = −δijω
j
4 (5.5)
The simple example of a free particle is instructive. Setting ωi = ωi = 0 and H2 = p2 +m2 6= 0,
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eqs.(5.5) reduce to:
ω00 =
m2
H
dt = mdτ
ωa0 =
ηabpb
m2
ω00 = u
adτ = dxa
ω0a =
1
2
pa ω
0
0 =
1
2
mpadτ
ωab = 0
where use of ω00 or proper time dτ in place of dt simplifies the expressions. The solder and
co-solder forms are proportional to the displacement and momentum, respectively.
Also, we see again that the involution required to specify the classical paths necessarily
exists. Since the biconformal base space is spanned by the eight forms dxa and dpa, the
only way the involution could fail is if there was an independent dt ∧ dp4 term in the torsion
or co-torsion of the p4 = −H hypersurface. But since dH is given a priori in terms of the
other seven forms, this cannot happen. We conclude that the Hamiltonian dynamics of a
point particle is equivalent to the specification of a hypersurface, y4 = y4(yi, xa), in a flat
biconformal space, and the consequent necessary existence of preferred congruence of curves
in the hypersurface.
The principal significance of this result is the unambiguous identification of the geomet-
ric quantities which arise in the gauging of the 15-dim conformal group with corresponding
physical quantities in phase space. In particular, the extra four coordinates are identified
with momenta and the integral of the Weyl vector is identified with the action. This insight
should not be construed as a replacement for the phase space description of particle mechan-
ics. Rather, the interpretation presented here is to be regarded as the 1-particle limit of a
full biconformal field theory, and is intended to provide guidance for and a check on that field
theory. We shall see in Sec.(7) that for curved biconformal spaces, the “momentum-like” ba-
sis forms ω0a contain the stress-energy source for the Einstein equation, further strengthening
the present interpretation.
Notice that for multiparticle systems this interpretation of the variables of flat biconfor-
mal space in terms of phase space variables differs from the usual n-particle phase space of
more complicated systems. In the case of multiple particles in a small region of (nearly) flat
biconformal space, the particles share both the momentum and configuration space. Thus,
while a single point of a multiparticle phase space characterizes the entire multiparticle sys-
tem, the many particle biconformal model will be described by many points in the same
8-dimensional space. Nonetheless, the physical interpretation of the extra four coordinates
as momenta remains valid, and each particle treated separately will (locally) obey its own
set of Hamilton’s equations.
The same conclusion holds for the fields in biconformal spaces−the extra dimensions will
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give the local field momentum. This may be seen in either of two ways. First, fields are the
continuum limits of multiparticle systems and their local momentum will therefore be the
limit of the particle momenta. Second, whenever a single field quantum is confined to an
isolated region which is small relative to the curvature, it will have an interpretation as a
single particle. The biconformal co-space must then give the momentum of that particle.
While accomplishing an interpretation of the biconformal variables, we have also circum-
vented problems with previous treatments of conformal gauge theory. Unlike 4-dimensional
conformal gaugings which always reduce to a 4-dimensional Weyl geometry in which the
inverse translations are auxiliary, the current approach retains the full conformal degrees
of freedom. The extra 4 degrees of freedom are now seen to correspond to the inclusion of
momentum variables in the physical description.
6. Weyl’s theory in biconformal space
Now consider how the dynamics of the Hamiltonian correspondence of Secs.(4) and (5)
is modified by the presence of the vector field, α. The Weyl vector is now given by
ω00 = −padx
a + αadx
a ≡ −piadx
a (6.1)
so that
dω00 = dx
a ∧ dpia (6.2)
Specifying pi4 = pi4(pii, xa) and setting ωi = ωi = 0 again leads to Hamilton’s equations, in the
form
dxi = −
∂pi4
∂pii
dt (6.3a)
dpi =
∂pi4
∂xi
bfdt (6.3b)
Maintaining our previous identification p4 = −H = −(m2 + p2)1/2 we find
pi4 = −(m
2 + p2)1/2 − α4
= −(m2 + (pii + αi)(pii + αi))
1/2 − α4 (6.4)
Hamilton’s equations become
dxi =
pii + αi
(m2 + (pi + α)2)1/2
dt
=
pi
(m2 + p2)1/2
dt
or
x˙i =
pi
(m2 + p2)1/2
(6.5)
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for the position variables and
dpii = −
∂α4
∂xi
dt−
pij + αj
(m2 + (pi + α)2)1/2
αj,idt
= −
∂α4
∂xi
dt− x˙jαj,idt (6.6)
for the momentum. The left hand side of eq.(6.6) expands to
dpii = dpi −
∂αi
∂t
dt− αi,jdx
j
which finally leads to
dpi
dt
= (−
∂α4
∂xi
+
∂αi
∂t
) + x˙j(αi,j − αj,i) (6.7a)
For the time component we have
dp4
dt
=
d
dt
(pi4 + α4) =
d
dt
(−(m2 + p2)1/2)
= −
1
(m2 + p2)1/2
pi
dpi
dt
= −x˙i
dpi
dt
= x˙i(
∂α4
∂xi
−
∂αi
∂t
) (6.7b)
Eqs.(6.7) give the Lorentz force law if we identify
αa = q(φ,−Ai) = −qAa
Thus, the existence and form of the electromagnetic force on a charged particle is correctly
predicted by the general solution for flat biconformal space. The presence of the vector
field αa, its gauge dependence and its proper coupling to matter are direct consequences of
the local gauge theory of scalings and of our identificaton of Hamiltonian dynamics as the
specification of a hypersurface in flat biconformal space. Nor does this formulation suffer
the objection made to the original Weyl theory. Since we are studying precisely the flat
biconformal spaces, there is no dilational curvature and no measurable size change.
In concluding this section, we comment briefly on the relationship of these considerations
to the standard U(1) model of electromagnetic field theory. Biconformal space has a natural
metric structure based on the Killing metric of the underlying conformal group. The Killing
metric has eigenvalues ±1 and zero signature, hence the local form
KAB = diag
(
ηab,−η
ab
)
(6.8)
where (A,B) = (1, . . . , 8). Consequently, the proportionality constant in the identification
between ya and pa is purely imaginary. Since the vector field αa(x) is real, we have
ya = λ(ipa + αa) (6.9a)
= iλ(pa − iαa) (6.9b)
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as the relationship between geometric and physical variables. Since the proportionality
constant drops out of Hamilton’s equations it is not measurable classically, but it must be
included whenever particle paths are allowed to deviate from the classical trajectories. Thus,
the real-valued 4-dim scale invariance that preserves the form of the standard flat biconformal
connection becomes a U(1) invariance when applied to the physical variables of eq.(6.9b).
7. Coupling to gravity and other fields
So far, we have motivated a new 8-dimensional gauging of the conformal group, found
the class of flat solutions of the resulting biconformal spaces and showed how to interpret the
flat solutions as a phase space for a single particle coupled to a background electromagnetic
field. In this section, we generalize these results to gravitating biconformal spaces in which
the solder form satisfies the Einstein equation with arbitrary matter as source, and the
vector potential identified in the previous sections satisfies the Maxwell field equations with
arbitrary electromagnetic currents. The results of this section therefore comprise a unified
geometric theory of gravitation and electromagnetism.
Our starting point is the full set of structure equations, eqs.(2.12), which define the fifteen
curvature 2-forms ΩAB. Each of these curvatures has the three biconformally invariant terms
displayed in eq.(2.13). In addition, we note that the two-form dω00 is separately biconformally
invariant, and the solder and co-solder forms ωa0 and ω
0
a transform tensorially. As long as
the corresponding Bianchi identities are satisfied, a specification of any combination of these
fields may be used to invariantly determine sub-classes of biconformal geometries.
To begin, we seek some general constraints to limit the number of independent fields. For
classical geometries it is reasonable to assume that no classical path in phase space encloses
a plaquette on which the dilation, Ω00 is nonvanishing. The simplest (but by no means the
only) way to guarantee this is to just set Ω00 = 0. We also expect that the spacetime torsion
will vanish in typical classical models, and again make the simplest hypothesis, that the full
torsion (but not the co-torsion) is zero. Thus we have the general constraints
Ω00 = 0 (7.1)
Ωa0 = 0 (7.2)
Next, we note that the vanishing of the torsion puts the solder form in involution. Assuming
the resulting foliation to be regular, there exists a 4-dimensional sub-manifold of the base
space spanned by ωa0 = e
a. As a final general constraint, we require the existence of a
completion fa to the ea basis in which the spacetime curvature is traceless:
Ωabac = 0 (in the (e
a, fa) basis) (7.3)
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We shall show that these three constraints are sufficient for the resulting class of geometries
to take a recognizable form. There is no restriction of the dependence of any of the fields on
the eight coordinates, eg. (xµ, yν).
In addition to the general constraints above, we posit two field equations. The first
provides a source for the Weyl vector, which we take here to be in the typical form for an
electromagnetic current
∗d ∗ dω00 = J = Ja(x)e
a (7.4a)
Finally, part of the co-solder form is determined by an arbitrary stress-energy tensor Tab via
ω0a = Ta + . . . (7.4b)
where Ta ≡ − 12 (Tab −
1
3ηabT )e
b. The consistency of these expressions and the form of the
remaining part of the co-solder form are established using the general equations, eqs.(7.1)-
(7.3).
The central result of this section is that a biconformal space is in 1-1 correspondence
with a 4-dimensional Einstein-Maxwell spacetime if and only if eqs.(7.1)-(7.4) hold. The 1-1
correspondence is based on an isomorphism between the biconformal co-space at xµ0 and the
tangent space to a 4-dimensional spacetime at a corresponding point xµ0 . A more complete
presentation of the techniques used and some related results are given in [51].
The equations to be solved are
dωab = ω
c
b ∧ ω
a
c + ω
0
b ∧ ω
a
0 − ηbcη
adω0d ∧ ω
c
0 +Ω
a
b (2.12a)
dωa0 = ω
0
0 ∧ ω
a
0 + ω
b
0 ∧ ω
a
b (2.12b
′)
dω0a = ω
0
a ∧ ω
0
0 + ω
b
a ∧ ω
0
b +Ω
0
a (2.12c)
dω00 = ω
a
0 ∧ ω
0
a (2.12d
′)
The first part of our proof follows Theorem I of [51]. We begin with the Bianchi identity for
eq.(2.12b′), which follows by taking the exterior derivative and using d2 = 0. The result is
ωb0 ∧Ω
a
b = 0 (7.5)
which in particular shows that the momentum term of the curvature vanishes
Ωacdb = 0 (7.6)
Similarly, the Bianchi identity for eq.(2.12d′) requires
Ω0cdb = 0 (7.7)
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for the co-torsion. Together with the vanishing of the dilation and the torsion, eqs.(7.6) and
(7.7) imply that the bundle is momentum flat, i.e., the momentum term of each curvature
vanishes.
Next, we use the involution of the solder form, as noted above. The involution means
that the biconformal bundle is foliated by 11-dimensional sub-bundles on which ωa0 = 0. On
this sub bundle, using the momentum-flatness, the structure equations reduce to
dωab = ω
c
b ∧ ω
a
c (7.8a)
dω0a = ω
0
a ∧ ω
0
0 + ω
b
a ∧ ω
0
b (7.8b)
dω00 = 0 (7.8c)
Eqs.(7.8) are just the structure equations for a flat 4-dimensional Weyl geometry. Eq.(7.8a)
shows that we can perform a Lorentz gauge transformation on the entire bundle such that
ωab |ωa0=0 = 0, while eq.(7.8c) shows the existence of a scaling such that ω
0
0 |ωa0=0 = 0. Following
these gauge changes eq.(7.8b) takes the simple form
dω0a = 0
with the immediate solution
ω0a|ωa0=0 = f
µ
a (x)dyµ (7.9)
where we have introduced four coordinates yµ to span the 4-dimensional base space of the
sub-manifold. Notice that the coefficient matrix f µa (x) must be nondegenerate.
Now, assuming the foliation to be regular, the space of leaves of the foliation is also a
4-dimensional manifold spanned by ωa0 . There exist coordinates x
µ such that
ωa0 = e
a
µ (x, y)dx
µ (7.10)
so that each leaf of the foliation is given by some constant value xµ = xµ0 .
From the sub-bundle, with connection ωab |x0 = 0, ω
0
0 |x0 = 0 and ω
0
a|x0 = fa, we extend back
to the full bundle by allowing x to vary. This can change each connection form at most by a
term proportional to dxµ or equivalently ea, so the full connection may always be given the
local form
ωab = C
a
bce
c (7.11a)
ωa0 = e
a(x, y) (7.11b)
ω0a = f
µ
a (x)dyµ +Babe
b ≡ fa +Ba (7.11c)
ω00 = Wae
a (7.11d)
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where Wa, Bab, and Cabc are functions of all 8 coordinates (x
µ, yν). The functional dependence
of e aµ , while a priori unspecified, is actually restricted by eq.(2.12b
′). Since ωab and ω
0
0 depend
only on ea and not fa, writing out dea in coordinates immediately shows that ∂νe aµ = 0, where
we write ∂ν ≡ ∂∂yν and ∂ν ≡
∂
∂xν . Therefore, we may drop the y-dependence in eq.(7.11b).
If we had made a different initial choice of the coordinates yµ, the connection would still
be of the form given by eqs.(7.11), although Wa, Bab, and Cabc would be different functions.
We can therefore assume without loss of generality that the basis (ea, fb) has been chosen as
the one in which the spacetime curvature is tracefree.
Next, after dividing Bab into symmetric and antisymmetric parts
Bab ≡ Sab(x) + Fab(x) (7.12)
with Sab = S(ab) and Fab = F[ab], we substitute eq.(7.11c) into the dilation equation, eq.(2.12d′),
to find
dω00 = e
a ∧ fa + F
= dxµ ∧ f νµ (x)dyν + F (7.13)
where F ≡ Fabea ∧ eb = Fµνdxµ ∧ dxν . The mixed terms of eq.(7.13) yield
W ,νµ = −f
ν
µ (x) (7.14)
which is immediately integrated to give
ω00 ≡Wµdx
µ = (−f νµ (x)yν +Aµ(x))dx
µ (7.15)
up to a gauge transformation. Here Aµ(x) is an arbitrary integration constant for the y-
integration.
We could continue to carry the field f νµ (x) through the remainder of the general con-
straints, but it is simpler to employ the field equation to remove it now. In a more general
class of models, f νµ (x) provides an additional unspecified set of fields. While it is easy to
conjecture that these extra fields may lead to a geometric electroweak theory, f νµ (x) appears
on the surface to be a translational rather than a rotational Yang-Mills field, so that the
required quadratic terms are missing from the field strength. The proper role of these fields
is under study. For our present purpose, we simply note that the field equation
∗d ∗ dω00 = J = Ja(x)e
a (7.3)
has no source for the part of ω00 linear in y, and therefore gives
[∗d ∗ df νµ (x)]yν = 0 (7.16)
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for the y-dependent part of the spacetime term. This is a 4-dimensional electromagnetic-
type equation for the “potential” fµ ≡ f νµ (x)yν , which has the unique solution f
ν
µ (x) = 0 for
vanishing boundary conditions at infinity. To this solution we add the particular solution
f νµ = const., since f
ν
µ (x) must be invertible as noted above. Finally, a constant change of
the y-coordinates gives f νµ = δ
ν
µ, simplifying the co-solder form to
ω0a = e
µ
a (x)dyµ +Baµ(x, y)dx
µ (7.17)
where e µa is the inverse to e
a
µ .
With the solder form given by eq.(7.17), eq.(7.15) becomes
ω00 ≡Wµdx
µ = (−yµ +Aµ(x))dx
µ (7.18)
Thus, this entire class of geometries has the same “minimal coupling” form of the Weyl
vector as we found for the flat case. Notice also that the form of eq.(7.18) is not affected by
a purely x-dependent gauge transformation, which is consistent with the interpretation of A
as the electromagnetic vector potential.
Next, we move to eq.(2.12b′), which becomes
dea = ω00 ∧ e
a + eb ∧ ωab (7.19)
This may be uniquely solved for the connection ωab . Let
ωab = α
a
b + β
a
b (7.20)
where αab is the usual metric compatible spin connection satisfying
dea = eb ∧ αab (7.21)
and require
eb ∧ βab + ω
0
0 ∧ e
a = 0 (7.22)
Eq.(7.22) is solved uniquely by
βab = −Wbe
a + ηbcη
adWde
c (7.23)
so we have now satisfied two of the four structure equations.
Next, we impose the tracelessness condition for the spacetime term of the curvature in
the (ea, fb) basis:
Ωa bac = 0 (7.24)
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Rearranging eq.(2.12a) to solve for Ωab we find
Ωab = dω
a
b − ω
c
b ∧ ω
a
c − ω
0
b ∧ ω
a
0 + ηbcη
adω0d ∧ ω
c
0 (2.12a)
= (dαab − α
c
b ∧ α
a
c ) + (dβ
a
b − β
c
b ∧ α
a
c − α
c
b ∧ β
a
c )− β
c
b ∧ β
a
c − ω
0
b ∧ e
a + ηbcη
adω0d ∧ e
c
≡ Rab (α) +Dβ
a
b − β
c
b ∧ β
a
c − ω
0
b ∧ e
a + ηbcη
adω0d ∧ e
c (7.25)
where we have written D for the ea-compatible covariant exterior derivative, using the con-
nection αab , and R
a
b ≡ dα
a
b − α
c
b ∧ α
a
c is the usual Riemann curvature 2-form. Substituting
eq.(7.17) for ω0a and and (7.23) for β
a
b , some algebra leads to
Ωab =R
a
b + ηbc[DW
cea −DW aec +W 2ecea]
+ fbe
a − ηbcη
adfde
c +Bbe
a − ηbcη
adBde
c (7.26)
Finally, expand
DW a = −ηabDyb +DA
a (7.27)
While DAa is independent of yµ, we must further expand
Dyb ≡ d(e
µ
b yµ)− α
a
b e
µ
a yµ
= e µb dyµ + (de
µ
b − α
a
be
µ
a )yµ (7.28)
The first term in eq.(7.28) is simply fa. For the final term we use the Christoffel connection
Γµαβ and the covariant constancy of e
µ
b ,
dxβDβe
µ
b = de
µ
b − α
a
b e
µ
a + e
α
b Γ
µ
αβdx
β = 0 (7.29)
to write
Dyb = fb − e
α
b Γ
µ
αβdx
βyµ
≡ fb − Γbce
c
≡ fb − Γb (7.30)
Now substitution into eq.(7.26) shows that the cross- and momentum-terms of the curvature
vanish while the components of the spacetime-term become
Ωabcd =R
a
bcd − (DcAb + Γbc +Bbc)δ
a
d + (DdAb + Γbd +Bbd)δ
a
c
+ ηbfη
ag(DcAg + Γgc +Bgc)δ
f
d − ηbfη
ag(DdAg + Γgd +Bgd)δ
f
c
−Wc(Wbδ
a
d − ηbfη
agWgδ
f
d )
+Wd(Wbδ
a
c − ηbfη
agWgδ
f
c )
+W 2(ηbcδ
a
d − ηbdδ
a
c ) (7.31)
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Next, by setting the trace of Ωabcd to zero, we can insure that the Einstein equation holds with
arbitrary stress-energy tensor. Contracting, we find that the antisymmetric part Ωcacb − Ω
c
bca
is identically zero while
Ωcacb = Rab + 2(A(a;b) + Γab + Sab +WaWb) + ηab(A
;c
c + Γ
c
c + S
c
c − 2W
2) = 0 (7.32)
relates B(ab) = Sab to the Ricci tensor and the vector potential. If we require
Sab ≡ Tab − (A(a;b)) + Γab +WaWb −
1
2
ηabW
2) (7.33)
where Tab ≡ − 12 (Tab −
1
3ηabT ) and Tab is the electromagnetic stress-energy tensor constructed
from Ab plus the stress-energy tensor from whatever other phenomenological fields one wishes
to add, then eq.(7.32) reduces to the Einstein equation with source Tab. We shall see below
that the choice given by eq.(7.33) for Sab greatly simplifies the expressions for both the
curvature and the co-torsion.
Nothing further is required in order to satisfy the final structure equation, eq.(2.12c).
Instead, we define the co-torsion by eq.(2.12c), giving
Ω0a = dω
0
a − ω
b
a ∧ ω
0
b − ω
0
a ∧ ω
0
0 (2.12c)
This is easiest to evaluate if we write ω0a in terms of Wa wherever possible, resulting in
ω0a = Ta −DWa −WaW +
1
2
W 2ηabe
b (7.34)
Using the tracefree condition (i.e., the Einstein equation) to replace Ta by Ra ≡ − 12 (Rab −
1
6ηabR)e
b we find that eq.(2.12c) takes the form
Ω0a = Dω
0
a − β
b
a ∧ ω
0
b − ω
0
a ∧W
= Dω0a +WadW −W
bηace
cω0b − ω
0
a ∧W (7.35)
Substituting eq.(7.34) for ω0a and using the Ricci identity D
2ωa = −R
b
aωb (for an arbitrary
1-form ωa) gives, after several cancellations, the surprisingly simple result
Ω0a = DRa +R
b
a − (δ
c
aδ
b
d − η
bcηad)Rce
dWb
= DRa + C
b
aWb (7.36)
where Cba is the Weyl curvature 2-form. Notice that all derivatives of the Weyl vector have
cancelled, so the resulting co-torsion also has vanishing momentum- and cross-terms. If
we use the contracted second Bianchi identity to write DRa as a divergence of the Weyl
curvature, we find
Ω0a = −DbC
b
a + C
b
aWb (7.37)
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so the co-torsion is simply the Weyl-covariant (not αab -covariant) divergence of the Weyl
curvature tensor, hence a direct measure of the deviation of the underlying spacetime from
conformally flat [42].
Finally, remarkable cancellations also occur if we use eq.(7.33) to replace Ba in the full
curvature tensor given by eq.(7.26). The result is simply
Ωab = C
b
a. (7.38)
The biconformal geometry is now fully specified except for the vector potential Aµ. This
is fixed by the field equation
∗d ∗ dω00 = ∗d ∗ dA = J (7.4a)
where J is the electromagnetic current.
To complete the proof of the sufficiency of eqs.(7.1)-(7.4) for the biconformal space to
correspond to an Einstein-Maxwell spacetime we only need to show that the biconformal
geometry is effectively 4-dimensional. This happens because the extra dimensions of the
biconformal base space can be identified with the tangent space of the Riemannian spacetime.
Such an identification works for two reasons. First, the co-vector yµ has the same scale and
Lorentz transformation properties as the basis vectors ∂∂xµ for the tangent space, so we can
identify the bases. Second, since both the co-space and the tangent space may be taken
as Minkowski vector spaces (i.e., both are flat), the two complete vector spaces may be
identified. As discussed further in the final section, this fact guarantees that the extra
4-dimensions do not lead to undesired new macroscopic effects.
Notice that, while the content of the biconformal space does not exceed that of a Einstein-
Maxwell spacetime, we cannot claim that a biconformal space satisfying eqs.(7.1)-(7.4) is
homeomophic to a 4-dimensional Weyl geometry because the Weyl vector of the biconformal
space retains linear yµ d ependence. It is this difference that leads to the vanishing dilation
of the biconformal space.
The converse, that a 4-dimensional Einstein-Maxwell spacetime extends to a unique
biconformal space satisfying eqs.(7.1)-(7.4) is immediate, since, given the stress-energy tensor
and electromagnetic current determining the spacetime, we can find the solder form and the
electromagnetic vector potential and from these directly write down the connection of the
associated biconformal space as
ω00 = (−yµ +Aµ)dx
µ (7.39a)
ωa0 = e
a(x) (7.39b)
ω0a = Ta −DWa −WaW +
1
2
W 2ηabe
b (7.39c)
ωab = α
a
b −Wbe
a + ηbcη
adWde
c (7.39d)
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where we invert the vector space isomorphism above to map the tangent space into the extra
4-dimensions of the biconformal space. The form above for the connection leads directly to
the biconformal curvatures
Ω00 = 0 (7.40a)
Ωa0 = 0 (7.40b)
Ω0a = −DbC
b
a + C
b
aWb (7.40c)
Ωab = C
a
b (7.40d)
and the field equations are unchanged. In terms of the natural conformal expressions Ra, Ta
and ω00 the field equations are
Ra = Ta (7.41a)
∗d ∗ dω00 = J (7.41b)
The expressions for the curvature above make use of the tracelessness condition Ωabac = 0
to write the co-solder form in terms of the Ricci tensor instead of the stress-energy tensor.
Considering the form of the curvature if we do not impose the tracelessness condition, we
can interpret the Einstein equation as being that condition that reduces Ωab and Ω
0
a to the
Weyl curvature and its divergence, respectively.
It should be pointed out that eqs.(7.40) are quite remarkable for biconformal curva-
tures in that none of the curvatures has a cross-term or momentum-term. Despite the
8-dimensional formulation of the theory, all terms containing dyµ have dropped out. The
space spanned by the y-coordinates is therefore flat, and plays no role in the gravitational
effects of this class of models.
In the final section, we discuss the observability of the extra dimensions of biconformal
spaces.
8. Discussion
By placing conformal gauging on an 8-dimensional base space instead of the usual 4-
dimensional base space, we have overcome the long-standing problem of size change in phys-
ical models based on scale-invariance. In this section, we demonstrate that our interpretation
of biconformal gauge theory is consistent with experience. In particular, we examine the ob-
servable consequences of the added dimensions with regard to structure and function.
Three techniques have been used for adding extra dimensions in fundamental models of
the world: (a) topological compactification of the extra dimensions, (b) construction of laws
of motion or field equations that dynamically reduce the extra dimensions to a sufficiently
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small scale that they play no macroscopic role [48], or (c) identification of the extra dimen-
sions with everyday properties already associated with macroscopic matter. Technique (a) is
routinely employed in Kaluza-Klein field theories, while technique (b) has been used recently
[49, 50] in an attempt to associate a fifth dimension with mass. The third technique, (c), was
used in the development of special relativity where time came to be seen as a coordinate in
a higher (i.e., four) dimensional space rather than as a parameter of an intrinsically different
type on a three-dimensional space. The local interpretation of biconformal space is of type
(c). One should therefore not think in terms of compactification or other standard Kaluza-
Klein ideas. Instead, we regard the extra four dimensions of the biconformal co-space as
familiar, routinely observable macroscopic dimensions, and ask whether a coordinate inter-
pretation of 4-momentum is consistent with experience. We demonstrate this consistency by
focusing on the two necessary axes of correspondence:
A. Intrinsic structure
The biconformal co-space must have the same mathematical structure and trans-
formation properties as momentum space.
B. Dynamical function
The biconformal dynamical laws and description of collisions or interactions must
accord with experience.
We address each of these in turn, then conclude by citing positive evidence for a coordinate
interpretation of momentum.
A. Intrinsic structure
For either flat or curved spacetimes, momentum space is the tangent space at each point
of spacetime. To identify the biconformal co-space with the tangent space we must check
that both the Minkowski vector space structure of the tangent space and transformation
properties of the tangent basis are reflected in the co-space.
The biconformal co-space is a Minkowski vector space if and only if it is flat. This
flatness is obvious for the flat solutions studied in Secs.(3) - (6), while is a consequence of
the vanishing torsion and dilation in the curved models of Sec.(7). In either of these classes
it is therefore possible to set up a vector space isomorphism between the tangent space and
the co-space. We note that the same isomorphism also holds between the tangent space of
a Riemannian spacetime and the co-space coordinates of a normal biconformal space [51].
Normal spaces are defined to be torsion-free spaces in which the dilational curvature is closed,
the Weyl 1-form is exact, and the spacetime term of the curvature tensor is trace-free. We
therefore have two large, disjoint classes of biconformal geometries in which the biconformal
co-space is isomorphic to the Riemannian tangent space.
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There are two transformation properties of momentum variables which we must also
check. First, under Lorentz transformations, pµ transforms with the inverse to the same
transformation as xµ in flat spaces or dxµ in curved spaces. That is, there must not be
two independent Lorentz transformations which can be applied to the space and co-space
separately. This is a notable property of the 8-dimensional gauging of the 4-dimensional
conformal group. Because we began with the spacetime conformal group, there is only a
single set of local Lorentz transformations. Moreover, yµ has the proper covariant form. The
second transformation property required of momentum is that its scaling weight be −1, since
(using Planck’s constant) momentum has geometric units of inverse length. This corresponds
correctly to the inverse length units of yµ.
B. Dynamical function
We now consider whether Hamiltonian dynamical laws and our experience of collisions or
interactions are consistent with a coordinate interpretation of momentum. There are three
essential points concerning a coordinate interpretation which must correspond to our usual
experience.
1. Hamiltonian dynamical equations should describe the classical motion of particles
and fields.
2. While there is no continuity requirement on momenta, coordinates should not
change discontinuously.
3. From our experience we know that collisions only occur between particles which
are nearby in their spacetime coordinates, and do not necessarily occur when
their momentum separation becomes small. We must show how this observation
is consistent with the single proper biconformal separation, which depends on
both position separation and on momentum separation.
For agreement on point 1, we require a match of dynamical properties between the
Hamiltonian dynamics of momentum space and the dynamics of biconformal spaces. In
Secs.(3)-(6), we showed that the usual Hamiltonian dynamical picture is a natural property
of flat biconformal spaces. Not only do the co-space coordinates act as momenta, but also
the symplectic form given by the exterior derviative of the Weyl 1-form3 provides the usual
Hamiltonian dynamical structure associated with 1-particle phase space. Indeed, we demon-
strate that any Hamiltonian system generates a super-Hamiltonian hypersurface in a unique
flat biconformal space, and conversely that a hypersurface in a flat biconformal space gives
a unique Hamiltonian system.
3 The structure equation dω00 = ω
a
0ω
0
a shows that dω
0
0 is a manifestly closed, nondegenerate
2-form, hence symplectic.
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In the dilation-free curved geometries of Sec.(7) and in normal biconformal spaces we
can expect the Hamiltonian dynamical laws of flat biconformal space to hold locally. As
long as we look at a sufficiently small neighborhood to permit a single particle picture, the
considerations of Secs.(3) - (6) hold without modification. That fields on spacetime also pose
no problem may be seen from three different perspectives:
(a) The observable properties of fields are characterized by tensors built on the
tangent space, so the isomorphism between the tangent space and the co-
space insures that the same properties can be measured in both models.
(b) Fields and their properties are derivable as the continuum limit of many
individual particles, so as long as interactions between particles are correctly
predicted, the field limit may be expected to hold.
(c) Fields must admit classical, single particle limits. Thus, the highly localized
field of an isolated electron moves according to a classical single particle
Hamiltonian.
The net effect of these considerations is that there is no particle or field property that
one might observe in a flat, dilation-free or normal biconformal space that could not also
be described in the tangent bundle of a 4-dimensional Riemannian geometry. Moreover,
biconformal spaces automatically predict the presence and form of electromagnetic fields
and the Lorentz force law, properties which in a Riemannian spacetime must be added by
hand.
Now consider point 2. The nearly instantaneous change of momentum which occurs
when, say, a ball bounces off a wall seems to violate the notion of continuous motion in
the momentum dimensions. However, the continuity of the actual dynamics underlying the
bounce can be seen in either of two ways. Most simply, we can choose the superhamiltonian
with a phenomenological potential representing the wall. A realistic potential will not have
an actual discontinuity, so the resulting motion predicted by Hamilton’s equations (or by
the biconformal involution of eqs(4.5b, c)) will be continuous.
A more fundamental way of seeing the continuity of momentum during the collision is
to use the electrodynamic law predicted by local biconformal theory to examine the actual
motion of each constituent particle of the ball in the appropriate background field. In this
view, the apparent discontinuity arises because the region of biconformal space chosen for
study is too large for the flat approximation to be valid. Shrinking the region to one where
a single particle interpretation is expected to hold solves the problem.
Moving to point 3, we know that in order to collide or interact strongly, the proper
separation of two particles must be small. For this fact to be consistent with our experience
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that collisions occur whenever the spacetime separation becomes small regardless of the
momentum separation, is nontrivial. Indeed, recent models [49, 50] in which a fifth dimension
proportional to mass is added to spacetime fail this test − in those models, two particles of
vastly different mass will not generally collide.
In the biconformal models presented here, we find that the proper distance between col-
liding objects behaves according to our experience. The proper inverval is given by conformal
Killing metric of eq.(6.8). While eq.(6.8) applies to the orthonormal (ωa0 , ω
0
a) basis, we easily
change to the (xa, ya) coordinate basis and find that the metric takes the form
gab =
(
−2W(ab) δ
n
m
δ mn 0
)
where Wab = Tab + αa,b +WaWb − 12W
2ηab. Therefore the squared interval ds2 between the ball
and the wall in terms of their phase space separations (∆xm,∆pn) is
ds2 = −2Wmn∆x
m∆xn + 2∆xm∆pm
which vanishes when the spacetime separation ∆xm vanishes and does not necessarily vanish
when the momentum separation ∆pm = 0. This is exactly what is required.
In parts A and B we have shown that there is no mystery to the extra four dimensions
of the biconformal co-space. Indeed, the coordinates for these extra directions are always
immediately available as the energy and momentum of the system under study. Thus, if
we want to probe the full biconformal geometry by walking off in the extra directions, we
already know exactly how to do it. We can simply vary our energy or the direction of our
motion. Any change of the tangent to our world line is a change in location in the momentum
sector of biconformal space.
The new picture would be particularly convincing if there were some direct positive
evidence that (perhaps under extreme conditions) the full 8-dimensional character of the
world is manifest. For such evidence we must study biconformal spaces in which the fields
take on a more general y-dependence. Therefore, the following observations are necessarily
conjectural, the investigation of the microscopic meaning of biconformal space lying clearly
beyond the scope of the present paper. Nonetheless, as long as the deviation from the normal
or dilation-free classes are small, we may expect the new evidence to show up as a dependence
of some physical fields or parameters on momentum as well as position. We briefly discuss
two physical variables which have this property: quantum mechanical wave functions, and
running coupling constants.
The most evident dependence of fundamental physics on momentum is the phase space
duality found in quantum mechanics. It is well understood that the wave function of a
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particle may be equally well represented using either momentum or position coordinates. In
a very direct sense, the momentum of the particle is used as a coordinate. Representations
such as the number basis for the harmonic oscillator, which lies midway between momentum
and position variables, are also frequently used.
The fact that we do not independently probe both position and momentum simulta-
neously suggests that even at the quantum level (at least semi-classically) matter is sub-
stantially restricted to the neighborhood of some phase-space hypersurface. This might be
understood in terms of biconformal space as near-normal biconformal behavior, with micro-
scopic deviations from an involute or nearly involute subspace. The picture is consistent
with the view of the path integral approach, which says that a quantum system essentially
probes all phase space paths. In the biconformal picture, a path integral would simply be
taken over all eight coordinates.
A second piece of evidence that momentum components act as independent coordinates
is the existence of running coupling constants in quantum field theory. It is found experi-
mentally that at high energies, the strength of the electromagnetic and weak couplings vary
with energy. Such energy-momentum dependence is easily understood if energy and momen-
tum are coordinates, but is otherwise a somewhat non-transparent result of detailed field
theoretic calculation.
It remains to be seen whether specific biconformal models can be developed which will
make these final observations precise.
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